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Abstract. Matrix elements of the propagator in a spherical wave representation are the key
quantities in most scattering problems. Here, we review the existing methods to compute thern
and propose a new one—a set of recurrence relations—which is faster than the currently nsed
ways of calculating them at high energy.

1. Introduction

One of the main problems encountered in the scattering theory in selids is the way to
calculate as efficiently as possible the matrix elements of the propagator in a spherical
wave represeniation. These quantities being, together with the ¢ matrices, the essential
ingredient of the theory, it is necessary to have a fast and accurate way to compute them.
Several approaches have already been proposed to tackle this probiem and they can be
divided into two categories: direct methods and recursive schemes. We propose here new
recurrence relations to calculate these quantities which we believe are faster than those
already proposed.

In section 2, we recall the definition of the matrix elements of the propagator and of
related quantities. We review in section 3 the various methods (at least those known to us)
existing to calculate these matrix elements and discuss them. New recurrence relations are
derived in section 4, They are tested both in speed and stability in section 5 and compared
to other existing ways of computation.

2. Definitions

Let us consider an outgoing spherical wave of angular momentum L = (£, m) centred on
an atom { situated at r; with respect to the origin, and incoming on an atom j located at rj.
From partial wave theory [1], we know that such a wave can be represented by the wave
function

oL =M Kl = HYLE - ) (1)

with hgl)(kr) being a spherical Hankel function of the first kind [2], YL(#) a spherical
harmonic and # the unit vector in the direction of .
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Figure 1. Scaitering geometry.

Such a wave cannot be scattered directly by atom / but must be re-expanded first as a
linear combination of spherical waves cenired on the scatterer:

R (ke — mDYLE = 1) = D Gealri? jrklr — miDYu(
5

———
T

b2

where Ty = 15 — i as defined in figure 1.

The coefficients of the linear combination, which we can write as G}, to simplify the
notation, are the matrix elements of the free electron propagator G (k) taken between state
(L', k| centred at rj and state |k, L} centred at r,.

Relations such as equation (2) are called addition theorems and have been known for
some time now [3-5]. Here,

Gl =dx 31 ) ey Y () G(L'L"| L) 3)
LU

with
G(L'L"|L) = f Yo (k) Yoo (R) Y} () dS2;. ()

G(L'L"IL) is a Gaunt coefficient [6] and is usvally expressed in terms of Wigner's 3
symbols [7] for numerical calculations.
Introducing the Hankel polynomial ¢ (4r) [2] by

iR (kr) = (¥ fikr)eo(kr) (5)

Le. the correction factor to the asymptotic form of the spherical Hankel function, we can
write G}, conveniently in terms of its reduced form G{y:

GY, = dm(e™ fikry) GV . (6)

We can now rotate the bond direction r; onto the z axis to take advantage of the fact that
z is a quantization axis for the angular momentum. The expression of C—:",JJL along the z
direction will be therefore much simplified. Introducing the z axis reduced free-electron
propagator matrix elements in an angular momentum representation by

GuLlry2) = By (mmm = VIEE + D/A7IRE + D/AmTiS (M (7)
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and applying rotation matrices [8], we can expand it in magnetic quantum number:

Gy = ZR,,,, (@5 — 70, =05, 0EL (RIREL(O, 6, 7 — gi5) (8)

where (6, @;;) are the spherical polar coordinates of 7.
Writing the Gaunt coefficient in (3} in terms of Wigner's 37 symbols [7] leads to

(£+£)
=ij - m ir 2 E’ 2” f Ef 'E”
Rty = (=™ Y (2t +1)Ce"(k7'u‘)(0 0 0)(_,ﬁ - 0). ©)

ersle—/|

It is worth noting that this quantity and the corresponding one for g,g,,_,(m) do not depend

on the sign of . From now on we will consequently write them as hm({ml) and "L{e(lml)

Moreover, A g(lm|) (and g g z(jm])) is symmetrical with respect to £ and £, i.e.

e'e(iml) = hee'(hﬁn- (10)

These two properties are fundamental as they allow us to reduce the number of values to
be computed. Furthermore, the set of values of /m can be most of the time limited to the
first few without significant loss of accuracy, The reason for this was argued by Barton
and Shirley {5] and more recently by Rehr and Albers [9]. We refer the reader to these
references for a comprehensive discussion of the matter.

3. State of the art

The more straightforward way to calculate the matrix elements of the propagator G}’JL is to
make use of their definition (equation (3}). This can be a fast way to do it provided that
the Gaunt coefficients have already been tabulated. However, at high energies where many
values of the angular momentum indices (£, ) are necessary for the addition theorem (3)
to converge, this method can become fastidious as Gaunt coefficients G(L'L”|L} will need
a lot of storage place and much time to be computed. One way to circumvent this latter
problem js to use a stable recursive scheme such as that proposed by Schuiten and Gordon
[10] to calculate the 3 symbols occurring in the Gaunt coefficient. But this can be still
time consuming and will leave unaltered the storage problem.

A better philosophy, at least at high energy, is to find recurrence relations for GLrL or
to express them in terms of quantities that can be easily calculated by means of a recursion
scheme. We review here the various approaches that can be found in the literature.

3.1. Chew's recurrence relations

A general recursion scheme was recently proposed by Chew [11]. Writing

o =197G),, (11)
and introducing

af ==+ m+ DE—m+ /2 + D2 +3)

a = /(£ +m)(€ —m) /(2 + 1}(26 ~ 1)

B =€ —m)( —m— 1)/(2¢ 4+ 1)(2¢ = 1)

b =€ +m+ DE+m+2)/20+ 1){(20+3)

(12)
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Chew found
ap G 4 im = — Qg = im ail?_;m»ﬂtef—xm'.zm + Gy e+ Im tm (13)
blrm i ims1 = —bppm e-tmit + Py 00 tm—1.tm F Pp g1 X 1=, tm
with the initial value
b Opat es1ert = 1o 100 o160 + By qoy 1 Cen w1 2 (14)

and the property
@em.t-m = (= 1" oy {13
which is only valid for real k.

This method to calculate GEL is very appealing and very fast indecd. Unfortunately,
the first recurrence relation in (13) becomes unstable at high energy [12]. Moreover, there
is no way to truncate the calculation at high energy.

Alternatively, it is possible to focus on E?,E(ln_z]) instead of GE,L. This is the method
favoured by most authors as the development in / converges very quickly, especially at
high energy.

3.2, The Rehr and Albers approach

One elegant way to find a fast procedure to compute the ﬁ?,z(lrﬁl) is to use the Rehr and
Albers separable representation of the matrix elements of the free-electron propagator [9].
Indeed, if we follow their main result, we can write

. +fm  Np o
Gl = D ) Ak(zp)Aka(zy) (16)
th=="{m n=0

where the contributions from the L incoming partial waves and from the various L’ outgoing
partial waves have been separated. Here, £n, = min{Z, &), ny = min(¢’, £ — #|) and
zij = 1/ikry. The other quantities are given by

AL (@) = REL(Py — (=1 T2+ 1y/aa ] = [ADYE + D HI z5)
AL (z3) = RE (2 — #1280 + D/ar i@ + [RmDE — imDHD (z)
where we have defined for convenience
n n dn 1
H™z) = (z /m) 3= (Cele) (18)

with C;(z) = cq(kr), the Hankel polynomial of degree £. If we combine (7), (8) and (16),
we are led to the important relation

7 () = (—1)"“'\/

(17)

(£ — |me + [m)! min{# ,£—{f}
€+ |RDIE — ||)!

HI®H) 2y B (z35). 19
n=0

He(“)(z) can be computed with the recursion procedure
HD (D)= HO@ - 2+ )z HP @+ B @] forne(0,€) (20)
and the initial values

H™(2) = [@m)Y nl)(~2/2)"

(21)
H® (2) = HEZ)@n + DI1 — (0 + 1z,
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3.3. Nozawa's recursion scheme

An alternative procedure is to derive directly a recursive scheme to calculate ﬁ'gj:g(!ﬁzl ). This
can be done very simply by using Nozawa’s Helmholtz solid harmonics addition theorem
coefficient recurrence relations [4]. These solid harmonics are defined by

_ [ a4 )
HipGry) = Y 090" + DG krg)che, (22)
£r=|E —¢]
with
1 1

Indeed, with our notations, they can be written as

HI (kry) = (€ fikry) /(€ + 1m)I(€ + D /(€ — [mDIE — [y, (D). (24)
His recurrence relations become

RS, (1) + 1) = ARY, (1)) + ikrg[BRD,, (1)) — CRY,_, (1mD)]

WD = —ah_ (mD) + RS (1) + yhik_ (D) =
with
A=/ —|m(E+|m] + 1)/ (€ — R + || +1)
B =[1/Q¢+ V& — |[RDE — R| + D)/ @ — R -+ i) + 1)
C = [1/@e+ D&+ lmDE + bal + 1)/ — [m])(E + | + 1) 26)
a = /(& — [mDE + 1mb /(€ + /] + D — |m]+ 1)
B =18+ 1)/(2¢ + DI (E+ || + DE = || + 1)/ + |[mi + 1) — |+ 1)
y = [(2¢' + 1)/(2€ + DIV + [m])E€ ~ [/ + Im| + 1DE - [m| + 1)
and the initial values £J,(0) and £Y,(0) given by
R0 = celhry) i
i 0) = €+ 1)cz+1((?{c€rii :-) teekry) (27
The Hankel polynomials ¢,(kr) may be calculated by means of the recursion relation
cem1(kr) = cepa (kr) = [2L + 1) fikr)ce(kr) (28)
and the initial values
colkry =1 9)

ci(kr)y =1-i/kr.
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3.4. Fritzsche’s recurrence relations

Recurrence relations for related guantities have also been derived by Fritzsche [13]. In
order to compare the two sets of relations, we have to relate his matrix elements of the z
axis propagator to ours. The link between the two notations is

g () = %™ fikry) ZE + D28 + DL, (1)), (30)

It can be checked easily that inserting (30) in his equaiton (13) leads exactly to (258). His
second relation however is different. 1t transforms under (30) as

FiaarelD) = [ V2 +1/22 + 1] [ V&= TRDE + WDl s ()

+ VE= T+ DEF T+ Dhfhyeq, (D) 31)

with the initial value

Ry sre (] + 1) = {\/I(ZIMI + D/ QIR + DIE — |mHL + @]+ D l imge (D).
(32)

Note that this initial value can be greatly simplified by making use of equation (B8) of [9].
Indeed, we can replace it by

R0y = VI + D /(€ = (DN @lm| — D172 [ leg (kryg)  (ery) ™. (33)

Both sets (Nozawa s and Fritzsche’s) are complete and therefore any of them may be used
to generate the h”(|m]) necessary for the calculation of the propagator. However, both
sets of equations raise the same problem: due to the Y #¢41(m]) term on the right-hand
side of equations (25) and (31), the total number of values that have to be calculated is far
greater than the number of values explicitly needed. For example, if we want to calculate
25 25(0) by means of equation (B7), we have to carry on the recursion scheme up to hoso(())'
This process will slow down the recursion and it is therefore interesting to seck for new
recurrence relations that do not exhibit any incrementation in € or £ on the right-hand side.
Note finally that separable representations of the matrix elements of the Green operator
might lead in certain cases (especially for small values of r; at high energy and when
truncating the angular momentum expansion) to inaccuracies. This problem was pointed
out very recently by Fritzsche [14] and could be due to the oscillatory nature of the coupling
between the two angular momenta L and L'

4. New recurrence relations

An efficient way to obtain such new relations is to use equation (19) which is the expression
of hy,(|m|) in the Rehr—Albers scheme, as a starting point:

(€ — |1 + |yt MEE R
€+ ImDHE — |mp!

Ry = (—1)'m'\/ B0 @) B ). (19)

n=0
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As shown in the previous section, the Rehr—Albers functions Hé“)(z) satisfy the recurrence
relation

HY () = H® () = ¢+ DzZ[HP () + H (@) for n € [0, £]. (20)

We can now replace Hé'ﬁ’lﬂ) (zi5) in (19) by its recurrence derived from (20) and then form
again the Eg,t(ln"t]) functions. This leads to the new equation

_ m I} — Ll — 1) g5 - _ [~ |m]) - 5
g-’g(] !) \/(£+|-])(£+]mi ) c'e 2(! D (2¢ 1) Zij U"'I-D afg |(l |)

e D \/ce'+|r§zi>(z' I+ Dy n 34

€+ mDE+ 1w = 1) hee

If now we replace Hé.“}(ij) by its recurrence expression in (20), we recover equation (25a).
Finally, we can replace both Hé'ml'i'"}(zij) and H}"}(zij) by their respective recurrences.
We obtain then a complicated expression which can be simplified by replacing the
he, El(lm] + 1) and A2 g2, (2] — 1) terms by their equivalents derived from (25a) and (34)
respectively. This leads to our final recurrence relation

efz(lml) = daj hz!g-g("ﬁ[) -+ a?.h _zg(lml) + a’%hg'g_l(ln_@]) + a4f~lféif_1g(lfﬁ|)

+ GSEE'_I;:_Q([’&D + aﬁh P—2f— 1(1’”[) + a'.v'hzl_ze_z(lﬁﬂ) (35)
with
a1 = bu(£}bm(€ — 1)
a = (b (&b (€ — 1))
az = —(28 — 1)zbn(6)
ag = —(26 — Dz/bn(£) (36)
= €' — Dzbn(£)bm(€ — 1)/br(£)
= (2£ = 1)zbn(£) /(B (€ )b (€ — 1))
ay = =bn(£)bn(€ — 1)/bn(€)bn(e' = 1)
and

bin(€) = V(€ — 1A/ (€ + Il). (37

A fast computing of the hg,z(ln"zi) can then be achieved by using (34) and (35) in the case
where £ or £ = £, Which would otherwise impose the calculation of a lot of unneeded
terms.
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5, Test

We performed our tests with the high-energy case in mind as it is for this type of calculation
that the problem of speed becomes the most acute. Consequently, we did not test Chew’s
recurrence scheme as it is not possible to truncate the calculation. Moreover, Manar and
Brouder [12] have already reported on convergence tests that show this method to be unstable
at high energy.

Fritzsche's and Nozawa's methods having basically the same structure (they only differ
in the way of implementing the incrementation in m), they should not differ appreciably in
speed. Therefore, we only retained the latter for our tests. This left us with three methods,
all of them based on the same magnetic quantum number expansion that can be truncated
at high energy: Nozawa’s, Rehr and Albers’ and ours to which we added the direct method
given by equation (9} in order to have a time reference.

We tested them in speed for the full calculation (i.e. without any truacation). For this,
we computed all the values of gz.z(]m[) up to gNL—lNL 1(NL -1} where NL is the maximum
number of £ values, This was done for ry = 2 A and a kinetic energy Ey = 1000 ¢V leading
to kry; = 32.4. The results of these tests are given in table 1. These results are in units of
10~* 5 and were obtained on an IBM RS6000 computer without any optimization. With
a —Q optimization, the Rehr—Albers method becomes slightly faster than our method by
about 30%, both of them being about three times faster than Nozawa’s recursion scheme. As
discussed in section 3, this result was expected as in this latter case, a lot of additional terms
are necessary to the calculation. Note that this 30% difference between the Rehr-Albers
method and ours occurs for NL = 20 and then decreases quickly when NL is increased.

Table 1. A comparison of the CPU time required by the different methods.

fe=5 de=10 =15 Be=20 Ge=125 S =130
Reference 6.95 67.3 305.24 8600 27799 50799
Nozawa .31 4.58 14.48 30.49 58.74 102.59
New ones 0.28 1.59 4.85 9.94 18.52 31.88
Rehr-Albers 0.48 2.14 7.63 18.06 3740 71.78

Next we checked the stability of the methods tested. For this we kept rj = 2 A and
scanned the energy from 1 eV to 20000 eV for all three methods plus the direct method
where the 3j coefficients were calculated explicitly, We did this for NL = 5, 10, 15 and
25 and caiculated g?z (£) with £ = NL ~ 1, which is the value {hat requires most computing
and should be therefore the most subject to instability.

Only two methods, ours and the Rehr--Albers one, gave exactly the same results on the
whole range of energy and for the different values of £. As can be seen [rom figure 2,
where |8, ,4(14)] is plotted versus the energy, the Nozawa recursion scheme is unstable
above 900 eV in this case. Actually, a closer look at the numerical results reveals that even
at the beginning of the energy range, there are slight differences between Nozawa’s method
and the other ones. The limit of stability varies with NL, the Nozawa results being false
over all the energy range for ;§3424(24)1 while this limit increases to about 1450 eV for
|§39(9)[. For l§2 +(4)] all four methods give exactly the same results. Note that the stability
limit should be sensitive to ryj as well.

In order to isolate the origin of the instability of the Nozawa relations, we calculated

['u 24(m)] for m =0, 5 and 10. When m = 0 or 3, we found the recurrence relations to be
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Nozawa's recurrence
New recurrence

llog, (cli(m))!
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0 500 1000 1500 2000
Energy (eV)
~ij

Figure 2. [#,,4(14)| as a function of the energy.

stable on the whole range of energy while for m = 10 we obtained differences in the fourth
digit above 17 400 eV. This clearly means that it is the incrementation in 2, equation (25a),
that is unstable. However, this instability is not too critical as at high energy only very few
values of m are necessary to achieve convergence. Note that, the instability being caused
by the incrementation in #z, it does not allow to draw any conclusion concerning Fritzsche's
relations which do not make use of this incrementation scheme.

~ We found also the direct method to be unstable in certain cases. To test it, we computed
| §’21424(24)] over the same range of energy but with ry varying from 1 AwsA by steps of
1 A, and compared the results obtained to those obtained with the two stable methods. A
difference in the fourth digit occurred at 16000 eV for ry = 1 A and down to 600 eV for
rj =3 A. As the Gaunt coefficient is not affected by the path length, these results show that
the recurrence relation (28) for the Hankel polynomials is not always stable. However, this
instability can be easily overcome by calculating c;(kr;;) using the available stable schemes
devised for hf,”(kr,-j).

Then, we tested Fritzsche’s statement concerning inaccuracies in the Rehr-Albers
method. We performed the same kind of calculation in the range 1-20000 eV with r;
going as far down as 0.1 A and as far up as 10 A but did not see any instability at all.
This difference in the behaviour of the Rehr—Albers method is probably due to the fact that
Fritzsche tested essentially the 6 x 6 matrix approximation of the Rehr-Albers expansion,
i.e. a low-order truncation, while we used the full expansion in our calculations.

Finally, we performed the same tests adding a small imaginary component to & and did
not find any change in the stability domains.
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6. Conclusion

We have derived new recurrence relations for the matrix elements of the propagator. These
relations have been tested in speed and stability with other existing methods: the direct
method, Nozawa’s recursion scheme and the Rehr—Albers separable representation. We
found our methed to be both as fast and as stable as the full Rehr—Albers one while
Nozawa’s relations can be unstable. Furthermore, our method can be truncated at high
energy without any stability problem whereas approximations in the Rehr-Albers expansion
might lead to inaccuracies as discussed by Fritzsche. Finally, we found the direct method
to be inaccurate at high energy or for large values of the interatomic distance due to an
instability in the standard recurrence relation for the Hankel polynomials.
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